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Abstract In the set cover problem (SCP), a set of elements
X ={x1,x2,...,x,}and acollection F = {S1, S2, ..., Su}
of subsets of X, for some integers n, m > 1, are given. In
addition, each element of X belongs to at least one mem-
ber of F. The problem is to find a sub-collection C C F
such that (g § = X and C has the minimum cardinality.
When |S] < k for all S € F, the k-set cover problem (k-
SCP) is obtained. For all k > 3, the k-SCP is an NP-complete
optimization problem (Karp in Complexity of computer com-
putations. Plenum Press, New-York, pp 85-103, 1972). It is
well known that a greedy algorithm for the k-SCP is a h-
approximation algorithm, where hy = Zle ll is the k"
harmonic number. Since the SCP is a fundamental problem,
so there is a research effort to improve this approximation
ratio. In this paper, the authors propose an approximation
algorithm which accepts any instance of the k-SCP problem
as an input. This approximation algorithm is a (1 + %)-
algorithm with a polynomial running time for k& > 6 that
improves the previous best approximation ratio 4y — 0.5902
for all values of k > 6.
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1 Introduction

The set cover problem (SCP) is an NP-complete combina-
torial optimization problem. This problem and its special
cases are very important since they have several applications
in many fields such as efficient testing, statistical design of
experiments, airline crew scheduling, and facility placement
problems, see for details [2,3].

In the weighted set cover problem (WSCP), a set of ele-
ments X = {x1,xp,...,x,} and a collection F of subsets
of X are given with a positive weight w(S) for each S € F,
where (Jgop S = X. The goal is to find a sub-collection
C C Fsuchthat | J, .~ S = X and its weight > "¢~ w(S) is
minimized.

Considering instances of the WSCP such that each § €
F has at most k elements, i.e., |S| < k, it leads to a new
version of the WSCP called weighted k-set cover problem
(k-WSCP). The WSCP and the k-WSCP in which all sets
in F have uniform weights are treated as the un-weighted
versions.

A greedy algorithm [4] for the k-WSCP is a hy-
approximation algorithm, where h; = Zle ,l is the kth
harmonic number. Furthermore, this bound is tight even for
the k-SCP [5].

For unbounded values of k, Slavik [6] has shown that the
approximation ratio of the greedy algorithm for the SCP
is Inn — Inlnn + ©(1), where |X| = n. Feige [7] has
proven that unless NP C DTIME(nP"lyl"g”), the SCP
cannot be approximated within a factor (1 — &)Inn, for
any ¢ > 0. In [8], it has been proven that if P # NP,
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then the SCP cannot be approximated within a factor ¢ log
n, for some constant c¢. This result showed that the greedy
algorithm is an asymptotically best possible approximation
algorithm for weighted and un-weighted versions of the prob-
lem [unless NP C DTIME nP°Y°em)]. Goldschmidt
and Hochbaum [9] have modified the greedy algorithm for
the SCP and shown that the resulting algorithm has a ratio
hi — &

For all k > 3, the k-SCP is known to be NP-complete [1]
and approximating it within 1+ § is NP-hard, for some fixed
8 > 0. When k = 2, this problem becomes a graph problem
known as edge cover, which can be solved optimally via a
straight forward transformation to maximum matching [10].
Halldérsson has presented an algorithm based on local search
that has an approximation ratio hy — % for the k-SCP and
a (1.4 + e)-approximation algorithm for the 3-SCP [10]. In
[11], Duh and Fiirer have improved this result and presented a
(hy— %)—approximation algorithm for the k-SCP. Also, Levin
has proposed a (hy — %)-approximation algorithm for the
k-SCP for all values of k > 4 [12]. Athanassopoulos et al.
have introduced an improved algorithm with approximation
ratio hy — 0.5902 for k > 6 [13].

In this paper, the authors demonstrate an approximation
algorithm for solving the k-SCP. The idea of this algorithm
is to efficiently separate the collection F of any instance
(X, F) of the k-SCP into smaller sub-collections for which
this problem is easier to tackle. To apply this idea, we intro-
duce a graph representation of the k-SCP.

The remaining part of this paper is organized as follows.
Section 2 consists of the formulization of the SCP, the set
cover, and two representations of any instance (X, F') of
the SCP, namely the matrix and the graph representations.
Moreover, this section contains two lemmas that are used in
proving the correctness of the suggested idea of our algo-
rithm. In Sect. 3, the authors describe a new algorithm for
solving the k-SCP. Finally, a conclusion of the paper is given
in Sect. 4.

2 Basic Definitions and Concepts

The set cover problem (SCP) is a fundamental problem in
the class of covering problems. Any instance of this problem
consists of a set of elements X = {x1, x3, ..., x,} and a col-
lection F = {Sy, S», ..., S} of subsets of X, form,n € N.
The objective of this problem is to select the minimum num-
ber of subsets of F' so that every element in X is contained
in at least one of these selected subsets. In the SCP, the set
C C F is called a cover of the set X, if USEC S = X. The
solution of this problem is a cover of minimum cardinality.
For any two sets A, B C F, A covers the set USeB S, if
US’eA S = USeB Sand A € B.

Springer

S S, S3 Sy S5 Ss

11 0 0 1 1 0
x| 0 0 0 1 0 1
x3/1 1 0 0 1 O
X1 0 0 0 1 O
x| 1 1 1 0 0 O
X |1 0 0 0O 0 O

Fig. 1 Matrix A that represents the given instance (X, F)

2.1 The Representations of the SCP

Every instance (X, F) of the SCP can be represented by (0,
D)- matrix A = [a;;],for 1 <i <|X|and 1 < j < |F|. The
rows (resp. the columns) of A correspond to the elements of X
(resp. F). The entries of A are determined by a;;, where a;; =
1,if x; € §; and zero, otherwise. In the following example,
we show how to construct the matrix A that corresponds to
a specified instance (X, F).

Example 1 Given X = {x1,x2,...,x6}, F = {51, 82, ...,
Se}, where S1 = {x1,x3,...,x6}, 8 = {x3,x5},853 =
{xs}, S4 = {x1, x2}, S5 = {x1, x3, x4}, and S¢ = {x2}. Fig-
ure 1 illustrates the matrix A of the given instance (X, F).
The entry a;; in A (the entry at the intersection of the i th row
and the jth column) is one if an element x; is in the subset

S;, otherwise a;; is zero. For example, the entry a;; = 1
because the element x; is in Sj. Also, ap3 = 0 because
X2 ¢ S3.

In the following, we construct a graph G = (V, E) as a
new representation of any instance (X, F) of the SCP. As
usual, V is the finite set of vertices and FE is the set of edges
of G. V and E are obtained as follows.

1. Each vertex of V corresponds to one member S of F
and has the same labeled of S. Hence, V = F.

2. Foreach S;,§; € F,1 <i,j < |F|,j # i, check
whether |S; N S;| > 1 or not. If true, join the vertex §;
and the vertex S; by an edge.

By a similar way, it is easy to obtain a graph G that cor-
responds to an instance (X, F'), via using the corresponding
matrix A. In Fig. 2, we show the constructed graph for the
given instance (X, F) in the above example.

For V' C V, G[V’]denotes the sub-graph of G induced by
V’. The vertex set of G[V']is V"’ and the edge set consists of
those edges of G with both end pointsin V'. Let G = (V, E)
be a constructed graph for any instance of the k-SCP and
P (V) be the set of all subsets of V. Since V = F, so each
W e P(V) is corresponding to a subset of the collection F'.
Let C : P(V) — P(V) be a function defined by: for every
WeP(V), C (W) is the set of vertices corresponding to the
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Fig. 2 Constructed graph for S S
an example in Fig. 1 2 3
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Fig. 3 Graph for Example 2

cover of the set | sew S with minimum cardinality in G[W]
and C(W) C W.

The open neighborhood of a vertex v € V, N (v), is given
by {u € V : {u, v} € E}. The closed neighborhood or simply
the neighborhood of v is denoted by N[v] = N(v) U {v}.
The neighborhood of a set S € V is defined as N[S] =
Uyses NIsl. For r € N, the r'" neighborhood of v € V is
defined recursively as N,[v] = N[N,_1[v]], where Ni[v] =
NJv].

Example 2 Inthis example, we find the open and close neigh-
borhoods for the vertices in a graph G. Let G = (V, E)
be a graph and V = {vy, v2, ..., vg}. In Fig. 3, we intro-
duce the open and the close neighborhood for the vertex
v3. The open neighborhood is N (v3) = {v2, v1}, and the
close neighborhoodis N [v3] = {v3, va, v1}. Also, N> [v3] =
{v1, v2, v3, Vs, V).

Now, we discuss the main idea of the suggested algo-
rithm that depends on the separation of the set of vertices
in the constructed graph for any instance (X, F') of the k-
SCP into subsets. The sub-graphs induced by the subsets
of this separation divide the constructed graph into small
parts for which it becomes easier to tackle the k-SCP. For
the constructed graph G = (V, E) of any instance (X, F)
of the underlying problem, let H = {H, H», ..., H.} be
a collection of pairwise disjoint subsets of V, i.e.,H; C V,
fori = 1,2,..., L. This collection leads to obtain a bound
on the cardinality with respect to an optimal solution of the
k-SCP.

The following two lemmas are essential for designing the
algorithm that will be given in Sect. 3.

Lemma 1 Let X be a set of n elements, F be a collection of
m subsets of X,n,m > 1, and G = (V, E) be a constructed
graph for the instance (X, F) of the k- SCP. For a collection
H = {Hy, Hy, ..., HL} of pairwise disjoint subsets of V in

- L .
the graph G, we have |C(V)| = > |C(H;)|, where C is a
i=1

function from P(V) to P(V) given above.

Proof For each subset H; € H, consider the neighborhood
N[H;]. The set C'(V) N N[H;] has to correspond to a cover
of the set H; C F, where C (V) is the set of vertices corre-
sponding to the cover of the set X with minimum cardinality.
On the other hand, also C (H;) C N[H;]is corresponding to

the cover of the set |J S, H; € F, using a minimum num-
SeH;

ber of vertices in G. Therefore, we get IC(V) N N[H;]| >
|C(H;)|. Combining this for all subsets of the collection H,
we get

L L L
ICn] = [ JCvynNiH]| = || CHp| =D |C(H)|
i=1 i=1 i=1

as claimed. O

Lemma 1 states that the collection H leads to a lower
bound on the minimum cardinality of a cover of the set X.
Moreover, such a collection leads to find an approximation
of this cardinality. The next lemma gives an approximation
of the k-SCP.

Lemma 2 Let X be a set of n elements, F be a collection of
m subsets of X,n,m > 1, and G = (V, E) be a constructed
graph for the instance (X, F) of the k-SCP. Also, let H =
{Hy, Ha, ..., Hp} be acollection of pairwise disjoint subsets
of Vinthe graph Gand Ty, . . ., T1, be subsets of V with H; C
T;, foralli = 1, ..., L. If there exists a real number p > 1
such that |C(T})| < p.|C(H;)| holds for alli = 1,...,L
L

and | C(Ty) is corresponding to the cover of the set X, then
i=1

i=

Lo
the set | ) C(T;) is a p- approximation of the k-SCP.
i=1

1=
Proof 1t is clear that
L

L
C(T)| =D |Cm)| < p. > |CH)| < p.|CV).
i=1

1 i=1

Cre

|

i
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In the next section, we use the condition of Lemma 2 at
p=1+ % We focus on constructing suitable subsets 7; such
that H; C T; C V,foralli = 1,..., L. These Tl/s assist to
obtain a p-approximation of the k-SCP.

3 The Approximation Algorithm for the k-SCP

In this section, we describe a new algorithm to construct an
approximation solution for the k-SCP, k > 6. If we apply this
algorithm on any instance of the k-SCP, then the algorithm
returns a (1 + %)-approximate set cover. Let G = (V, E)
be the constructed graph for any instance of the k-SCP. An
approximation solution is constructed by computing optimal
solutions for small parts of the given instance and then taking
the union of them. Each part corresponds to a sub-instance
of the given input instance of the introduced algorithm. The
input of this algorithm is the matrix A, that represents
the instance (X, F), where X is a set of n elements and F
is a collection of m subsets of X. The algorithm works as
follows. Initially, let a set C = ¢, the algorithm creates the
graph representation of the input instance (X, F) with a set
of vertices V, when executing steps 3—13 of the next algo-
rithm, where V = F. After that, this algorithm chooses an
arbitrary vertex S € V and finds the rth neighborhood of
S, for r > 0, where No[S] = {S}. Then, it computes sets
cover of minimum cardinalities corresponding to these neigh-
borhoods as long as the following Inequality (1) holds for
all r.

~ 1 ~
|aMHmn>Q+;)wmme M

Denote by 7 the smallest » at which the Inequality (1) is
violated or the condition in step 18 of the introduced algo-
rithm is satisfied. The value of r is increased until we find
a corresponding 7. In this case, add C’(N;H [S]) to the cur-
rent solution C. After that, remove all vertices in Ny [S]
and edges incident to them from the graph G. For each
vertex, S belongs to the remaining set of vertices; if the cor-
responding S € F is a subset of (Jg - S, then remove
the vertex S and all edges incident to this vertex from the
graph G. Let V' be the set of remaining vertices. The process
repeats again for the remaining part of G by choosing a
new vertex S € V' and finding a new 7.The algorithm ter-
minates when V' = & or the set C is a set cover of the
input instance (X, F). The algorithm is described formally
in the following ASC algorithm. The ASC is the name of
our algorithm, and it is the abbreviation of approximating set
cover.

Springer

Algorithm ASC: compute a (1 + %)—approximate of any
instance of k-SCP, k > 6.

Input: the matrix A,.. that represents the instance (X, F'),

where X is a set of n elements and F is a collection of m

subsets.

Output: C C F' such that U S=X.
SeC

Begin

I C«—@,L<1;

2: V&= F, V"<V,

3: fori=1tomdo

4. forj=i+1 to m do

5 Z<0;

6 for m =1ton do

7: if amixami#0 then

8: 7 7Z+1;

9: od

10: if Z>0 then

11: put an edge between SI. and S/. ;

12:  od
13: od

14: while V'# @ do
15:  choose randomly S € V';
16: r<0;

7 white] GOV [SD > (1+ %). |GV, S]] do

18: if| C(N,,[SD[> (" + /) then
19: C(N,,,[S]) < C(N,[S]):
20: N, [S]1< N,[S]

21: else

22: r<r+l;

23: od

24: C«CUCN,,[S);

25: V'(—V'\NHI[S];
26:  H, < N,[S];

27 TL <_Nr+1[S];

28: if C is a cover of the set X then
29: return C,

30: L<L+1;

31: foreach S€V do

32: if the corresponding SeF is a subset of U S' then
S'eC

33 Ve V(S

34: od

35:0d

36: return C;

End
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It is clear that the ASC algorithm is terminated since the
number of iterations, L, of the outer while-loop (steps 14—
35) is bounded by the min {|X|, |F|} < (|X|.|F|)!/?. Since
V = F and F is a cover of X, the subsets of F that corre-
spond to the removed elements of V which are not covered
previously, are added to C. Hence, when V' = ¢ at the end
of the algorithm, the output C is corresponding to a set cover
of the input instance. The input of the ASC algorithm is the
matrix Ay, that represents the instance (X, F'), where X is
a set of n elements and F is a collection of m subsets. Thus,
the size of memory which we need is O (|X||F|). Also, we
need O (|F |2) for the graph representation of the instance
(X, F) of the SCP.

According to Lemma 2 and the fact that the output C of
the ASC algorithm is corresponding to a cover for the input
set X, we obtain the following lemma:

Lemma 3 The set C which is computed by the ASC- algo-
rithm is corresponding to a cover of the input set X and is a

1+ %)—approximation of an optimal solution for an instance
(X, F) of the k-SCP, k > 6.

Proof The two collections {H;, Ha, ..., Hr} and {T1, T,
..., I'L} which are obtained by the ASC algorithm satisfy
the following inequality: |C(T;)| < (1 + %).IC(Hi)Lfori =

L _
1,..., L. Moreover, C = |J C(T;). So,
i=1

L L

N . 1\ < -
icl=Ulcan| =2 |ca| < (1 + z) 2 ||

i=1 i=1 i=1
By using Lemma 1, it is easy to conclude that (1 +

L
%). SICH)| <1+ %).|0PT|, where OPT refers to the

i=1
optimal solution of the k-SCP. Thus, |C| < (1 + %).| OPT|.
O

Finally, we show that the running time of the suggested
algorithm is polynomial. Since the input of this algorithm is
a matrix A which represents an input instance (X, F') of the
k- SCP, so one can consider N = |X|.|F| being the size of
this inputinstance (X, F'). Then, the time for constructing the
corresponding graph (steps 3—13) is proportional to O (N?2).
Evidently, the number of iterations of the outer while-loop
(steps 14-35) is bounded by min {|X|, |F|} < N'/2. Thus,
it is sufficient to compute the running time, ¢, of an itera-
tion of the outer while-loop (steps 14-35) since the number
of the iterations of this loop is known. The running time
of for-loop (steps 31-34) is O(N 2). Note that the cardi-
nality of C'(N,+1[S]) is bounded by (r + k). If r is a
fixed reasonable integer, then the time for finding the set
C(N,+1[S])can be computed. Therefore,t = O (N?), where
qg=0().

Table 1 Comparison on the approximation ratio of the k-set cover
problem

K [11] [12] [13] ASC
3 1.3333 1.3333 1.3333 1.3333
4 1.5833 1.5808 1.5833 1.25

5 1.7833 1.7801 1.7833 1.2

6 1.9500 1.9474 1.9208 1.1667
7 2.0929 2.0903 2.0690 1.1429
8 2.2179 22153 2.1762 1.125
9 2.3290 2.3264 2.2917 1.11
10 2.4290 2.4264 2.3802 1.1

20 3.0977 3.0952 3.0305 1.05
21 3.1454 3.1428 3.0784 1.048
50 3.9992 3.9966 3.9187 1.02
75 4.4014 4.3988 4.3178 1.013
100 4.6874 4.6848 4.6021 1.01

The next lemma shows that there exists a bound on 7, the
first value of r which violates Inequality (1) or satisfies the
condition in step 18 of the ASC algorithm.

Lemma 4 There exists a function b=b(k) such that r is
bounded by b, where F at which the largest neighborhood
is constructed during an iteration of the outer while-loop
(steps 14-35) of the ASC algorithm.

Proof 1t is clear that |C(N1[S])| > 1, because one vertex or

more corresponds to a cover of the set | J §’. Consider
S'eN1[S]
an arbitrary value of r < 7and p = 1 + %, we have

(r + k) = [CNr1[SD| > p|CNSD[ > ..
> p"|C(NI[SD] = p"

Since p = 1 + % > 1, so the given above inequality has to
be violated for some value of . The bound on » when this
inequality is violated for the first time depends only on k and
not on the size of the input instance N. O

Remark Setting b = k'8 yields (b + k) < p”, k > 6. Thus,
b is bounded by O (k!%).

Following the above analysis, it is clear that the running
time of the ASC algorithm is polynomial.

Now, we give comparison on the approximation ratio of
the previous algorithms and the ASC algorithm for the k-
SCP. The comparison is introduced in Table 1. It is clear
from Table 1 that the ratio of the developed algorithm is less
than the previous algorithms for solving the k-SCP for all
values of k > 4, and this is the success for this algorithm.

@ Springer



Arab J Sci Eng

4 Conclusion

In this paper, a new approximation algorithm for treating the
k-SCP is demonstrated, where k > 6. It is well known that
the k-SCP problem is an NP-hard optimization problem for
k > 3. Our algorithm can be applied for any instance of the
k-SCP, k > 3, but the improvement is for values k > 4. This
problem gained the attention of researchers because of its
important applications.

So, all previous researches have been concentrating on find-
ing an approximation solution as mentioned in reference
[12]. In this reference, a (hy — %)-approximation algo-
rithm has been presented for all values of k > 4. In addition,
Athanassopoulos et al. [13] have given an algorithm with
approximation ratio iz — 0.5902 for k > 6.

The main idea of the given algorithm is based on the sepa-
ration of the collection F of an instance (X, F) of the k-SCP
into smaller sub-collections for which this problem is eas-
ier to tackle. To apply this idea, we introduce a new graph
representation corresponding to any instance of the k-SCP.
The suggested algorithm creates the graph represented of an
input instance of the underlying problem (steps 3—13). Since
this algorithm computes an approximation solution of any
instance of the k-SCP with an approximation ratio (1 + %)
for k > 6. So, it improves the previous best approximation
ratio iy — 0.5902 for all values of k > 6.

In a future work, we improve the approximation ratio and
modify our algorithm to solve the k-WSCP.
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