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Abstract

In this paper, a finite difference treatment for Partial Differential Equa-
tions (PDEs) with the mixed derivative term is described. The method
depends on using a simple first order PDE for a new dependent variable.
The method deals with any problem formulated by a single elliptic PDE
or by an elliptic system of two PDEs. Applying this approach to problems
with curved boundaries and regular regions will decrease the number of
unknowns in each equation and at the same time will increase the number
of algebraic equations linearly and the accuracy quadratically. Moreover,
the consistency of the finite difference representation of the system is
achieved. Also, the derived system is of the same type as the original one.
Two numerical applications are given. An efficient numerical algorithm is
designed.
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1 Introduction

The subject of PDEs holds an exciting and special position in math-
ematics. PDEs were not consciously created as a subject but emerged in the
18th century as ordinary differential equations failed to describe the physical
principles being studied, [2].

Unfortunately, only a limited number of PDEs have been solved ana-
lytically. That is why numerical techniques constitute a very important part in
the field of solving PDEs.

Numerical methods for solving boundary value problems have devel-
oped rapidly. Knowledge of these methods is important both for engineers and
scientists. Several numerical methods can be applied for solving boundary value
problems such as finite difference method, FD, [6], finite elements method and
so on, [7, 9].

The problem for solving elliptic PDE with a mixed derivative term
is very important. The applications of this problem taken from meterology, up-
per atmospheric dynamics, and oceanography can be found in [5]. In this paper,
we solve the elliptic boundary value problem for PDEs with the mixed derivative
term in two dimensional space in a regular region (elliptic domain), the treat-
ment is based on a local five-point approximation scheme, [6], and using a simple
auxiliary first order PDE for a new dependent variable. The proposed method
is used to avoid the use of the four corner points and accordingly decreases the
number of unknowns as shown in § 2. It is known that, the finite difference
approximation to the second derivative on curved boundaries can have a lead-
ing error of order h (the length of a square mesh side), [6], and consequently
larger error in computations. Fortunately, the given approach will overcome
this problem by using an extrapolation polynomial, [1]. Also, the consistency
of the finite difference representation of the system is given in§ 2. § 3, the proof
that the derived system is of elliptic type is given. Two numerical applications
will be discussed in § 4. Furthermore, a numerical algorithm is designed and
explained briefly in § 5. Also, the numerical results of the two problems are
given in § 6. Finally, the conclusion is stated.

2 Problem formulation and basic equations

Consider an elliptic second order PDE with the mixed derivative term
of the form

a
∂2u

∂x2
+ b

∂2u

∂x∂y
+ c

∂2u

∂y2
= F (x, y), ∀x, yεΩ, (2.1)

with Dirichlet boundary condition

u = Gon δΩ, (2.2)
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where Ω and δΩ are, respectively, the region and the boundary on which the
function u is defined while a, b and c are constants with b2 < 4ac, G is contin-
uous on δΩ

Consequently, the following system of linear equations is obtained by
replacing each term in (2.1) by the corresponding central second order finite
difference approximation, with a square mesh of side h.

4a(ui+1,j +ui−1,j) + 4c(ui,j+1 + ui,j−1) + b(ui+1,j+1 − ui−1,j+1 + ui−1,j−1

−ui+1,j−1)− 8(a + c)ui,j = 4h2fi,j (2.3)

where i, j = 0, 1, · · · , R; R =b maximum length of projections of Ω on the
x-and y-axis /h c, equivalently, R is the number of mesh lines in either x- or
y-directions. Obviously, the value of any ui,j can be determined when the eight
variables ui+k,j+l ; k, lε{−1, 0, 1}, where k and l don’t equal zero together, are
known. For curved domains, we attempt to avoid the use of the four corner
points. So, (2.1) can be rewritten as:

auxx + ∂
∂y (bux + cuy) = F (x, y)

Let w be a new variable defined as:

bux + cuy = w(x, y)

which adds one supplementary first order PDE, and the following system is
obtained.

auxx + wy = F (x, y),
bux + cuy = w. (2.4)

It is well-known that, the finite difference approximation to the second
derivative can have a leading error of order h on curved and irregular boundaries,
[6], and consequently larger error in computations. Thus the proposed method
will overcome this problem by using an extrapolation polynomial, such as the
Lagrange of order 2, [1], given by

P (x, y) =
(x− x0)(x− x1)

(x2 − x0)(x2 − x1)
f(x2, y) +

(x− x0)(x− x2)
(x1 − x0)(x1 − x2)

f(x1, y)

+
(x− x1)(x− x2)

(x0 − x1)(x0 − x2)
f(x0, y). (2.5)

Note that: formula (2.5) can be applied along the vertical mesh line via varying
y-coordinates instead of x-coordinates.

For example, the point (i,j) lies inside the region while the point (i+1,j)
is outside the region as shown in Fig.1.
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To obtain the value of u at the point (i,j) along the mesh line j, substitute
x = ih,x0 = i

′
h ;i < i

′
< i + 1, x1 = (i− 1)h,x2 = (i− 2)h, and f = u in (2.5),

i.e., enforcing the extrapolating polynomial to satisfy the boundary condition.
So, an approximate value of ui,j is found. Now, at each mesh point (i,j) there
are two equations:

2a(ui+1,j − 2ui,j + ui−1,j) + h(wi,j+1 − wi,j−1) = 2h2fi,j (*)

and

b(ui+1,j − ui−1,j) + c(ui,j+1 − ui,j−1) = 2hwi,j (**)

So, for any n mesh points there exists a 2n × 2n linear system of equations.
Note that the number of mesh points n = (R− 1)2.
The corresponding matrix of this linear system can have the following form

C U = E,

where
U = (u1,1, w1,1, u2,1, w2,1, · · · , uR,1, wR,1, u1,2, w1,2, · · · , uR,2, wR,2, · · · ,
u1,R, w1,R, · · · , uR−1,R, wR−1,R)T ,
E = (−2au0,1+hw1,0+2h2f1,1, bu0,1+cu1,0, hw2,0+2h2f2,1, cu2,0, · · · ,−2auR,1+
hwR−1,0,−buR,1 + cuR−1,0,−2au0,2,+2h2f1,2, bu0,2, 2h2f2,2, 0, 2h2f3,2, 0, · · · ,
− 2auR,2 + 2h2fR−1,2,−buR,2,−hw1,R + 2h2f1,R−1, bu0,R−1 − cu1,R,−hw2,R +
2h2f2,R−1,−cu2,R, · · · ,−2auR,R−1−hwR−1,R+2h2fR−1,R−1,−buR,R−1−cuR−1,R)T ,

C =




B A
−A B A

.
−A B A

−A B




2n×2n

, B =




B1 B2

B3 B1 B2

.
B3 B1 B2

B3 B1




2(R−1)×2(R−1)

,
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A2(R−1)×2(R−1) = diag {A1, A1, · · · , A1} , A1 =
[

0 h
c 0

]
, B1 =

[ −4a 0
0 −2h

]
,

B2 =
[

2a 0
b 0

]
andB3 =

[
2a 0
−b 0

]
.

Now, we apply the above technique to an elliptic system of second
order PDEs. Consider the system

Muxx + 2Nuxy + Luyy = F (x, y), (2.6)

where M, N, and L are 2× 2 constant matrices, u and F are column functions.
The biquadratic characteristic form of system (2.6) is

F (η1, η2) = det(Mη2
1 + 2Nη1η2 + Lη2

2),

where η1 = η1(x, y) and η2 = η2(x, y) are the transformations used to get a
simpler form of the system.

It is known that system (2.6)can be reduced to canonical form, with
two independent parameters, [4]. In case of elliptic systems, the biquadratic
characteristic form can be reduced, by a linear transformation of independent
variables,into the following canonical form:

F (η1, η2) = (η2
1 + εη2

2)(η2
1 + τ2η2

2), (2.7)

If ε = τ = 0, F (η1, η2) has a quadruple real root. In case ofε = 1 we have three
cases
(I) 0 < τ < 1, F (η1, η2) has two distinct pairs of complex roots
(II) τ = 1, F (η1, η2) has a pair of double complex roots
(III) τ = 0, F (η1, η2) has a pair of double complex roots and a double real
root.
For example, consider the system

uxx + (
1
2
)vxy + (

1
2
)uyy = F1(x, y),

(
1
2
)vxx + (

1
2
)uxy + vyy = F2(x, y). (2.8)

for which

M =
[

1 0
0 1

2

]
, N =

[
0 1

4
1
4 0

]
andL =

[
1
2 0
0 1

]
.

Then the biquadratic characteristic form is

F (η1, η2) = det(Mη2
1 + 2Nη1η2 + Lη2

2) =
∣∣∣∣

η2
1 + 0.5η2

2 0.5η1η2

0.5η1η2 0.5η2
1 + η2

2

∣∣∣∣
= 0.5(η4

1 + 2η2
1η2

2 + η4
2) = 0.5(η2

1 + η2
2)2,
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i.e., the system (2.8) is an elliptic one. Rewrite system (2.8) as

uxx + uyy + wy = F1(x, y),
vxx + vyy − wx = F2(x, y). (2.9)

where w = 0.5(vx − uy)
In Equations (2.8) and (2.9), replacing each term by the corresponding finite

difference formula, it is easy to see that in (2.8) each equation has nine entries.
But in (2.9) each equation contains at most seven entries. So, we have 3n×3n
linear system of equations, which has the following form:

C∗U = E∗,

where E* is a column vector determined by the boundary values and U a column
vector whose transpose is
U = (u1,1, v1,1, w1,1, u2,1, v2,1, w2,1, · · · , uR,1, vR,1, wR,1, u1,2, v1,2, w1,2, · · · ,

uR,2, vR,2, wR,2, · · · , u1,R, v1,R, w1,R, · · · , uR−1,R, vR−1,R, wR−1,R),

C∗ =




B
′

A
′

C
′

B
′

A
′

.
C
′

B
′

A
′

C
′

B
′




3n×3n

, B
′
=




B
′
1 B

′
2

B
′
3 B

′
1 B

′
2

.
B
′
3 B

′
1 B

′
2

B
′
3 B

′
1




3(R−1)×3(R−1)

,

A
′
3(R−1)×3(R−1) = diag

{
A
′
1, A

′
1, · · · , A

′
1

}
, C

′
3(R−1)×3(R−1) = diag

{
C
′
1, C

′
1, · · · , C

′
1

}
,

A
′
1 =




2 0 0
0 2 0
0 1 −h


 , B

′
1 =



−8 0 0
0 −8 0
1 −1 −4h


 , B

′
2 =




2 0 h
0 2 0
−1 0 0


 ,

B
′
3 =




2 0 −h
0 2 0
0 0 0


 , and C

′
1 =




2 0 0
0 2 h
0 0 0


 .

Consistency of the finite difference representation

To show the consistency of the finite difference, FD, representation of
the system (2.4), let Ui,j and Wi,j be the exact solutions of ui,j and wi,j , respec-
tively, and Ti,j and T

′
i,j be the truncation errors of ui,j and wi,j ,in the finite dif-

ference representation of (2.4)respectively. Apply Taylor’s expansion [1], on the
finite difference representation of (2.4) on the terms Ui+1,j , Ui−1,j ,Wi,j+1, · · ·
we have

Ti,j = a(∂2U
∂x2 )i,j + (∂W

∂y )i,j + h2

3! (
∂3W
∂y3 )i,j − fi,j ,
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T
′
i,j = b(∂U

∂x )i,j + c(∂U
∂y )i,j + h2

3! (b
∂3U
∂x3 + c∂3U

∂y3 )i,j −Wi,j ,

Clearly, when h tends to zero, both Ti,j and T
′
i,j tend to zero for all i,j .

3 Ellipticity of the deduced system

Maintaining the ellipticity will be of advantage in the numerical treat-
ment. To prove the ellipticity of the derived system, we will recall first the
conditions that must be satisfied, [3].

Let Ω be a bounded domain in Rd and consider a system of n PDE’s,
written in the matrix form

LΩu = FΩ, (3.1)

where LΩ = [Lij ]1≤i,j≤n is a matrix of partial differential operators in which
Lij = LijD =

∑
|α|≤k CαDα. Here, the usual multi-index notation is being

used. Dα = Dα1
1 · · ·Dαd

d , where |α| = α1 + · · ·+αd. Each Lij can be considered
as a polynomial in D = ∂

∂x . We say thatLij is of order k, if there exists cα 6= 0
with |α| = k.
Assume that there exist two n indices which are mi and m

′
i, where 1 ≤ i ≤ n

such that
order of Lij ≤ mi + m

′
i (3.2)

For given mi ,m
′
i define the principle term Lp

ij(D) =
∑
|α|=mi+m

′
i
CαDα

Note that Lp
ij(D) may vanish although Lij 6= 0. The matrix with

entries Lp
ij(D) yields the principal part Lp

Ω(D) of LΩ(D). Replacing D by
β = (β1, β2, · · · , βd) one obtains a matrix -valued polynomial Lp(β) in β. If
the coefficients of Lp

Ω depend on xεRd, we write Lp(x, β) instead of Lp(β) The
ellipticity is defined by means of det(Lp(x, β)) , stated as follows.
Definition,([3], Hackbusch, 1985.

The differential operator LΩ is called uniformly elliptic if there exist
numbers mi,m

′
i satisfying (3.2)and with any constants ν, µ > 0,we have

ν|β|2m ≤ |detLp(x, β) ≤ µ|β|2m, ∀x, βεRd

where |β|2 = β2
1 + · · ·+ β2

d and 2m =
∑n

i=1 mi + m
′
i,

Now, it will be proved that the resulting system is uniformly elliptic.
First we rewrite system (2.4) with the differential operator as follows:

aL11u + L12w = f ,

bL21u + cL22w = 0,
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where L11 = ∂2

∂x2 , L12 = ∂
∂y , L21 = ∂

∂x + ∂
∂y and L22 = −1.

Clearly, when taking m1 = m
′
1 = 1 and m2 = m

′
2 = 0, we have

order of Lij ≤ mi + m
′
i ∀i, j = 1, 2

and detLp(x, β) =
∣∣∣∣

aβ2
1 β2

bβ1 + cβ2 −1

∣∣∣∣
Since b2 < 4ac, we consequently have |detLp(x, β)| ≤ ac(1 + 2β1β2

|β2| )|β|2.
As a result of (β1 − β2)2 ≥ 0, we get |detLp(x, β)| ≤ 2ac|β|2. Also, with the
same manner we can obtain |detLp(x, β)| ≥ 1

2ac (2 + β1β2
|β2| )|β|2 ≥ 5

4ac |β|2.
Thus ν = 5

4ac and µ = 2ac . So the system is uniformly elliptic.

4 Numerical applications

Here, two numerical applications of the approach are given. The first
application is to solve a single elliptic PDE(demonstrated in detail). The other
is to solve a system of two PDEs (stated briefly), since it follows the same steps
of the first one.

Application 1. Consider the elliptic PDE

uxx + uxy + uyy = (α2+β2

2α2β + β4x2+α2β2xy+α4y2

4α4β2 )u(x, y), ∀x, yεΩ,

.
with the boundary condition u=1 on δΩ,
whereδΩ is the curved boundary given by β2x2 + α2y2 = α2β2.

whose exact solution is u(x, y) = e
β2x2+α2y2−α2β2

4α2β .
Clearly, the above system is similar to (2.4) with a=c=1 and also b=1. Hence,
the system can be written as

uxx + wy = (
α2 + β2

2α2β
+

β4x2 + α2β2xy + α4y2

4α4β2
)u(x, y),

ux + uy − w = 0. (4.1)

Using the corresponding finite difference formulae for the terms uxx, ux, uy and
wy, then simplifying the result, one can easily obtain.
Let

Ki,j = (
2(α2 + β2)

γ
+

4(β4(ih)2 + α2β2ijh2 + α4(jh)2)
γ2

) and , γ = 4α2β.

(4.2)

ui,j = (ui+1,j +ui−1,j + h
2 (wi,j+1−wi,j−1))/(2+h2Ki,j) (4.2(a))
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wi,j = (ui+1,j−ui−1,j+ui,j+1−ui,j−1)/(2h) (4.2(b))
As a result of symmetry, the problem will be solved in the first quarter of the
ellipse only, see[7]. More precisely,

ui,j = ui,−j = u−i,±j , where iε{0, 1, · · · , bα
h
c}and jε{0, 1, · · · , bβ

h
c} (4.3)

So, if one of the two points (i-1,j) or (i,j-1) lies outside the first quarter, i.e., for
i=0 or j=0 the values of u−1,jandui,−1 are determined directly from(4.3).

The system (4.2a,b) is applied if the points (i+1,j) and (i,j+1) are
inside Ω = (Ω

⋃
δΩ).While the situation is more complicated when one or both

of these points lies outside Ω. If (i, j) doesn’t lie outside Ω and either (i+1,j) or
(i,j+1)lies outside Ω, then different cases are generated which can not be solved
by (4.2). So, we treat each of which separately in the following:

case 1.(i+1,j) is the only point existing outside Ω. ui,j should be determined
by using the extrapolation formula (2.5) along the horizontal mesh line j. In
this case, put x0 = xint = i

′
h = (α2(1− (jh)2

β2 ))
1
2 , x1 = (i− 1)h, x2 = (i− 2)h,

and the value of u equals to one at the intersection point xint of the mesh line
j and δΩ as given in the boundary conditions, see Fig.1. Let

θx = xint−ih (4.4)

Then ui,j is determined by
ui,j = 2h2

(xint−(i−1)h)(xint−(i−2)h)+
2(ih−xint)

((i−1)h−xint)
ui−1,j− (ih−xint)

((i−2)h−xint)
ui−2,j (4.4a)

Unfortunately, we can’t determine wi,j via using extrapolation for-
mula, since w(x,y) is not known on δΩ. Therefore, it can be found through the
finite difference formula for ux and the formula of uy near a curved boundary
when using a square mesh, [6]. More formally,

wi,j = 1−(1−θ2
x)ui,j−θ2

xui−1,j

θx(1+θx)h2 + ui,j+1−ui,j−1
2h (4.4b)

Case 2.(i,j+1) is the only point existing outside Ω.Evidently, this case fol-
lows the same treatment as case 1 except that the extrapolation formula (2.5)
will be applied along the vertical mesh line i and to the points y0 = yint =
(β2(1− (ih)2

α2 ))
1
2 , y1 = (j − 1)h, y2 = (j − 2)h.

Let
θy = yint−jh (4.5)

Then, we have
ui,j = 2h2

(yint−(j−1)h)(yint−(j−2)h)+
2(jh−yint)

((j−1)h−yint)
ui,j−1− (jh−yint)

((j−2)h−yint)
ui,j−2 (4.5a)

wi,j = ui+1,j−ui−1,j

2h + 1−(1−θ2
y)ui,j−θ2

yui,j−1

θy(1+θy)h2 (4.5b)

case 3.This case is more complicated , since both (i+1,j)and (i,j+1) lie out-
side Ω.If i ≥ j then ui,j will be determined using extrapolation formula (4.4(a))
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along the mesh line j ( To ensure the existence of the points (i-1,j) and (i-2,j)
in Ω, see Fig.1), otherwise equation (4.5(a)) will be used.

While the calculation of wi,j depends on the formulae of ux and uy,
since (i, j) exists near the curved boundary ( as mentioned in Cases 1 and 2).
Then

wi,j =
1− (1− θ2

x)ui,j − θ2
xui−1,j

θx(1 + θx)h2
+

1− (1− θ2
y)ui,j − θ2

yui,j−1

θy(1 + θy)h2
(4.6)

where θx and θy are given in the previous cases.
Finally, if a point (i, j) lies on the boundary,ui,j is determined from the

boundary conditions but wi,j will be determined by using extrapolation formula
(2.5) along the mesh line i or j depending on whether or not i > j as explained
for ui,j in Case 3. Then apply one of the following equations.

If (x, y)εδΩ (4.7)

Then
wi,j = 3wi,j−1−3wi,j−2+wi,j−3, (along the mesh line i , j > i), (4.7a)

wi,j = 3wi−1,j−3wi−2,j+wi−3,j , (along the mesh line j , i ≥ j), (4.7b)

Application 2.

Consider the elliptic system:

uxx + vxy + 3uyy = F1(x, y),
3vxx + 4uxy + vyy = F2(x, y). (4.8)

with the boundary condition u=v=1 on δΩ, where δΩ is the curved boundary
given by β2x2 + α2y2 = α2β2. Moreover,
F1(x, y) = ( 4β4x2+12α4y2

γ2
1

+ 2β2+6α2

γ1 )e( β2x2+α2y2−α2β2

γ1
)+ 4α2β2xy

γ2
2

e( β2x2+α2y2−α2β2

γ2
)

F2(x, y) = ( 12β4x2+4α4y2

γ2
2

+ 6β2+2α2

γ2
)e( β2x2+α2y2−α2β2

γ2
)+ 16α2β2xy

γ2
1

e( β2x2+α2y2−α2β2

γ1
)

where γ1 = 16α3 β and γ2 = 4α2 β3

Recall again that the approach is applied for this example takes the similar
steps for the first one. So, we introduce the dependent variable w to derive the
following system:

uxx + uyy + wy = F1(x, y),
vxx + vyy + 2wx = F2(x, y), .

vx + 2uy = w(x, y).

Clearly, we obtain the values of ui,j , vi,j , and wi,j , ∀(i, j)εΩ accord-
ing to the same classification of points in the first application (cases 1, 2 and
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3). Furthermore, the equations of vi,j are derived similar to those for ui,j .
The numerical solutions of this application are calculated via coding

the following computational algorithm.

5 Computational algorithm

The two examples in the above section can not be solved without using
a computer, so, a computational algorithm is designed. The algorithm technique
is based on Gauss Seidel iteration method and the decision tree, which will be
given in Fig.2.

The first step of the algorithm is to store information about the loca-
tion of every mesh point (i, j) in Ω,since these information are needed repeatedly.
This can be easily done via using 2-dimensional array, say loc, in which we store
the following information: Let δΩ be an ellipse given by β2x2 + α2y2 = α2β2,
where α and β are the lengths of the semi-major and semi-minor axes of the
ellipse respectively. Then ∀iε{0, 1, · · · , bα

h c}, and jε{0, 1, · · · , bβ
hc} where h is

the side length of the square mesh. Put : loci,j ← 1 if (β2(ih)2 + α2(jh)2 <
α2β2, loci,j ← 2 if equality holds, or loci,j ← 3 otherwise.

Next, follow the designed decision tree given in Fig. 2. The steps and the
knowledge base of the algorithm are outlined:

1. Get loc for mesh point (i,j), for all i, j lie in the square region;
2. For all (i, j) in the square region do
3. If loci,j = 3 then nothing do;
4. If loci,j = 2 then ui,j ← u on δΩ and if j > i, calculate wi,j by (4.7(a));

otherwise by (4.7(b));
5. If loci,j = 1 and all surrounding 4 points exist in Ω,then calculate ui,j and
wi,j by (4.2);
6. If loci,j = 1 & loci+1,j = 3& loci,j+1 6= 3 then use (4.4) to get ui,j and wi,j ;
7. If loci,j = 1 & loci,j+1 6= 3& loci+1,j = 3 then use (4.5) to get ui,j and wi,j ;
8. If loci,j = 1 & loci+1,j = loci,j+1 = 3 then use (4.6) to calculate wi,j and if
i ≥ j, use (4.4(a)) to calculate ui,j and (4.5(a))otherwise;
9. If loci,j = 1 & {(i = 0)

∨
(j = 0)} then in the former case use (4.3)to calcu-

late u−1,j and in the later case calculate ui,−1 after that obtain ui,j and wi,j by
(4.2);
10. Repeat steps 2 through 9 until |(the old value− the new value) of ui,j | < ε
∀(i, j) of with loci,j ≤ 2 (ε ≤ 10−6).

The second application that is given by (4.8) contains two functions
: u and v. After applying the suggested approach, the resulting system (4.9)
has three u, v and w. The above algorithm can solve this system with slight
modifications. Obviously, the location of a point on the square region w.r.t. Ω
is the same as the first application. The main modification, from steps 2 to
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9 of the above algorithm, is to use suitable equations for calculating ui,j , vi,j

andwi,j for all (i, j) εΩ. As the first application, we obtain the equations via
applying finite difference formulae for uxx, uyy, vxx, vyy, wx and wy. In special
positions, we employ the extrapolation formulae and also the formulae of the
first derivatives near the curved boundary when using a square mesh. The ter-
mination condition(step 10) in this case, will be modified to test ui,j and vi,j for
all (i, j)εΩ simultaneously. Then we guarantee that this version can be applied
to solve the second application.
we used Pascal language to implement the two algorithms, and the results (for
fixed α and β and various values of h) are given in the next section.
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6 Numerical results

In this section, the computational results of applications one and two
are given. The results are summarized both graphically and in tables. The
computations have been performed for several values of h (0.05, 0.1 and 0.2)
and for α = 2 and β = 1. In the graphs, comparisons are made for several
values of h with the exact solution at some fixed values of both x and y. While,
in the tables the comparisons are made with the variation of both x and y.

Application 1.

Here, the exact solution is u(x, y) = e
β2x2+α2y2−α2β2

4α2β .
In Fig.3, comparison is made between the values of u(x, y) calculated at h=0.05
and h=0.1 with the exact values for y=0.6 and x varies from 0 to 0.5.

While In Fig.4, comparison is made between the values of u(x, y) cal-
culated at h=0.05 and h=0.1 with the exact values for y=0.4 and x varies from
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0 to 0.5.
Table 5 shows the values of u(x,y) with the variation of both x and

y at h=0.1 and the exact values and the values of the error at each point.
Table 6 shows the values of u(x,y) with the variation of both x and

y at h=0.05 and the exact values and the values of the error at each point.

Application 2.

Here, the exact solution is u(x, y) = e
β2x2+α2y2−α2β2

16α2β and

v(x, y) = e
β2x2+α2y2−α2β2

4α2β

In Fig.7 comparison is made between the values of u(x, y) calculated
at h=0.05 and h=0.1 with the exact values for y=0.2 and x varies from 0 to 0.8.

In Fig. 8, comparison is made between the values of v(x, y) calculated
at h = 0.05 and h = 0.1 with the exact values at y = 0.2 and x various from 0
to 1.2.

In Fig. 9, comparison is made between the values of u(x, y) calculated
at h = 0.1 and h = 0.2 with the exact values at x = 0.6 and y various from 0
to 0.8.

In Fig.10, comparison is made between the values of v(x, y) calcu-
lated at h = 0.1 and h = 0.2 with the exact values at x = 0.6 and y various
from 0 to 0.8.

Table 11 shows the values of u(x,y) with the variation of both x and
y at h=0.05 and the exact values and the values of the error at each point.

Table 12 shows the values of v(x,y) with the variation of both x and
y at h=0.05 and the exact values and the values of the error at each point.
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