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Relatedness in zero-determinant strategies
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Abstract. Relatedness is necessary and causal in the development of social life. Interlayer relatedness is a measure of how

one player’s decisions affect the decisions of other players in the game. The relatedness can

payoffs. In this paper, we analytically study the strategies that enforce linear payoff 1§

sitive or negative. We had to

sHips in the Iterated Prisoner’s

determine how effective each strategy was under specific conditions, and how the co etween players affected their

son even with the factor.

Dilemma (IPD) game considering both a relatedness factor. As a result, we ﬁrst‘! el the payoffs of two players and

three players can be represented by the form of determinants as shown by Press §
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%e traits of human cooperation. For additional infor-

1. Introduction &

(ZD)

Less than a decade ago, Press and D
covered a new class of conditional and
tactics, called zero-determinant str

players. Zero determinant (ZD) is d to the Iter-
ated Prisoner’s Dilemma (IPDV%-Q rough two
actions, C or D. ZD tactic en studied for
two players [23] and mogesrceg for three players
[24, 30]. Interestingly, a glaye} using ZD methods can
predict the opponent’s pay®its in the game, this is a
great thing.

Many researchers were motivated by the discovery
of Zero determinant (ZD) strategies. When Stewart
and Plotkin posed the question [6], the develop-
ment or origin of ZD techniques became one of the
main focuses of subsequent studies [1-5]. Then, this
research expanded into a variety of fields, includ-
ing multiplayer games [2, 12, 21], continuous action
spaces [7], alternating games [7], asymmetric games
[23], animal contests [8], human reactions to com-

puterized ZD strategies [10], and human-human
experiments [11, 22], all of which help us understand
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er, three-player, zero-determinant strategies

mation, see the most recent elegant classification of
strategies, partners (referred to as "good strategies”
in References [19]), and rivals, in direct reciprocity
[13]. ZD techniques have recently been used in tech-
nological fields and human interaction [9, 27, 28].
Zero determinant (ZD) strategies are a class of con-
ditional strategies used in repeated games, especially
in the context of the iterative prisoner’s dilemma
(IPD). These strategies are characterized by their
ability to impose the desired outcome unilaterally,
regardless of the opponent’s actions. The distinc-
tive feature of ZD strategies is that they limit the
opponent’s expected payoff to a specific value, thus
limiting the opponent’s ability to maximize his or
her payoff. ZD strategies have received much atten-
tion in game theory and evolutionary biology due
to their interesting properties and implications for
cooperation and competition in repeated interactions.
However, their effectiveness and stability in real-
world scenarios remain a subject of ongoing research
and debate. Furthermore, ZD strategies encompass
two main types: equalizing strategies and extortion-
ate strategies. The equalizer is a special case of the
7D strategies in which the focal person unilaterally
chooses the payoff that the co-player receives regard-
less of what the co-player does, within a range of the
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co-player’s payoff value [20, 25]. As a different par-
ticular example, the focus person can decide on an
"extortionate" portion of the payout relative to the
payoff of the co-player.

The equalizer, a specific type of ZD strategy, allows
the focal player to set the co-player’s payoff within
a defined range, effectively equalizing the payoffs
between the players. These strategies are notable for
their capacity to manipulate outcomes and influence
cooperation dynamics in repeated interactions, mak-
ing them subjects of extensive study in game theory
and evolutionary biology.

Extortionate strategies, in the context of game
theory and repeated games such as the Iterated Pris-
oner’s Dilemma (IPD), are strategies employed by
a player to exploit their opponent by coercing them
into unfavorable outcomes. In the case of extortionate
strategies, a player aims to ensure that they receive
a higher payoff than their opponent, often at the
expense of the opponent’s payoff. This is achieved
through the use of conditional actions that manipu-
late the opponent’s incentives to cooperate or defect,
thereby maximizing the player’s own payoff while
minimizing the opponent’s. Extortionate strategies

payoffs between players, typically by threatend

severe consequences for non-cooperation or b er-
ing rewards for cooperation that heavily t

player employing the strategy [Iterate sgaer’s

Dilemma contains strategies that do evo-
lutionary opponent].
The prisoner’s dilemma game el of cogni-

tive and evolutionary behavj
the emergence of relgsen . It is generally
assumed that there is n@ple ultimatum mecha-
nism by which a player cait demand unilateral action
in exchange for an unfair share of the reward. Here,
we show that such patterns are coincidental. In gen-
eral, player versus player, the best response in player
development is to accept the blackmail. Only a player
who has a mental attitude towards his opponent can
perform well, and in this case the prison problem that
follows is a game of ultimatum.

This technical paper expands on the zero-
determinant (ZD) strategies proposed by Press and
Dawson for general finite games. Using the stratified
linear programming (STP) Strategy, the basic formu-
lation for designing ZD strategies in the context of
general finite games is presented. In addition, STP
makes the design process very easy. The rational-
ity conditions that must be met for ZD strategies to
be considered effective are presented. Sufficient con-

ditions to ensure the effectiveness of ZD strategies
designed based on STP technology are also presented.
Some numerical examples were also presented to
illustrate the efficiency of the method proposed in
this paper [14]. Using this technique, researchers and
those interested in game theory and ZD strategies
can apply the ideas and concepts presented in this
paper to design and analyze ZD strategies in diverse
fields. This study enhances our understanding of how
to design effective strategies based on STP Strategies,
which contributes to the development and improve-
ment of gaming strategies and their applications in
various fields [14].

The topic of player relatedness in game theory is
an important and integgfting topic. This concept is
usually understood dying the interactions and
relationships betwq yers in the context of games,
how the action@T®g®player affects the actions of oth-
ers, and h @ players can be interconnected in
a certai our social life when a player plays
with atger (or someone else he is related to) in
aga many effects can occur. The kinship rela-

hip between players may have a psychological

ct on players’ behavior. For example, a player
are characterized by their ability to enforce unequg y feel more responsible or motivated to win when

playing with his father or other family members.
The presence of a kinship relationship may lead to
a change in players’ strategies. They may be more
inclined to cooperate with each other, or competi-
tion between them may increase to win, or the parent
may offer his child victory over him. This depends on
the nature of the relationship between them and their
goals in the game. It may allow one player to teach the
other new skills or strategies in the game, increasing
their interaction and bonding. Overall, this example
shows how social and interpersonal relationships can
play an important role in game theory and understand-
ing player behavior. These relationships can make the
game more complex and interactive by adding human
and social factors to the sports or strategy game.

Relatedness in Zero Determinant (ZD) strategies
refers to the degree of correlation or interdependence
between the payoffs of players in a repeated game,
particularly in the context of the Iterated Prisoner’s
Dilemma (IPD). In the realm of game theory, relat-
edness measures the extent to which the outcomes of
one player are influenced by the actions or decisions
of another player. In ZD strategies, relatedness plays
acrucial role in shaping the effectiveness and stability
of these strategies.

Relatedness in ZD strategies between players is an
important concept in mathematical game theory. It
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can be used to improve team performance and make
better decisions in the game. The relatedness between
players in the context of zero determinant (ZD) strate-
gies is an important element that can significantly
influence the game dynamics and choice of strate-
gies. In the context of ZD, one player can build on
the other player’s behavior and response in previous
turns. In game theory, zero-determinant strategies are
an effective means of influencing the results of recur-
rent encounters. By giving one player the ability to
influence how their payout and that of their oppo-
nent are tied to one another, they are connected to the
payoffs. Cooperation, competition, and the general
dynamics of strategic relationships can all be signifi-
cantly impacted by the ZD strategy choice in a variety
of situations.

In ZD strategies with a relationship, A player can
promote or prevent collaboration by influencing this
relationship. Depending on the particular ZD strategy
selected, the degree of relatedness can change. While
some ZD methods may prioritize fairness and equal
payoffs in order to foster cooperation, others may
place a higher priority on maximizing one’s payoff at
the expense of the competition, which could result in
defection and conflict.

are closely tied to each other, leading to g#Situa-
tions where actions taken by one player si @
impact the outcomes for both players. IfNg#fchysce-
narios, ZD strategies may be m fefive in
manipulating the opponent’s behemioRand enforc-
ing desired outcomes, as the a one player

c¥ect on the pay-

can have a direct and subst; @
offs of the other player gly, low relatedness

indicates a weaker corrglatigh between the payoffs
of players, resulting in mofe independent outcomes
for each player. In this case, ZD strategies may
be less effective or even unstable, as the ability to
enforce desired outcomes becomes more challeng-
ing when players have greater autonomy in their
decision-making. Overall, understanding the level of
relatedness between players’ payoffs is crucial for
analyzing the dynamics of ZD strategies and their
impact on cooperation and competition in repeated
interactions.

2. Two-player game with ZD-strategies
The goal of this section is to ascertain players’ pay-

offs when utilizing ZD methods for two players. We
consider the symmetric two-player Iterated Prisoner’s

Dilemma (2P-IPD). In each round, each participant
chooses an action, either C or D, which stands for
cooperation and defection, respectively. Given below
is the payoff matrix for (2P-IPD) [26]

C D
g
where
S<P<R<7and7z>7;r$. @)

The payoff matrix of a two-player Iterated Pris-

oner’s Dilemma with gélatedness is given in (3).
Where a relationship i umber that expresses how

@ o¥t another player’s success.

much one player cg
For two playep
fitness strate

C D

Q ClROU+w) S+Tw

, 3)
@ p| T+8Sw P+ o)
\%%

High relatedness implies that the payoffs of playé&

here @ is the parameter of the relatedness and
0<w=<1l

Depending on the choice of the two players we
will have four rounds. Each round leads to one of
the four possible outcomes (R, R) for (C, C), (S, 7T)
for (C, D), (7, S) for (D, C) or (P, P) for (D, D).
We assume that both players use a single-memory
strategy, which involves noting the outcome of the
previous round and responding accordingly in the
next round. We represent the strategy of player I by
the probabilities W = (W1, W5, W3, Wy) and the strat-
egy of player II by a vector Y = (Y, T2, Y3, T4).
Where Markov transition matrix for two players (12)
[26] is given by

M2 =

WY (1 =) (1= W)Yy (1 —Wy)(1—7y)
W5 Wo(l —T3) (1 — W)Y (1 — Wo)(1 —T3)
U3y W31 — To) (1 — W3)Ts (1 — W3)(1 — 1)
WYy Wyl — Ty) (1 — W)Yy (1 — Wy)(1 — y)

€

We assume the eigenvector of the matrix py isu =
(u1, un, u3, ug) which is respect to the eigenvalue 1,
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where
upr=u = u(u—-0N=0 &)
Let u5 = o — I, then
u(u2—10)=0
upb=0 (6)

3 is singular and represent as

T -1 ¥id-"y) (I =¥y

. | W23 Wd-T3)—-1 (1-Y¥2)T3
T -1y d-wr -

WyTy Wyl —Ty) (1 —Wy)Yy

Let the transposes of the second and third columns
be denoted by ¥* = (V| — 1, ¥, — 1, W3, Wy) and
Y* = (Y1 — 1, Y3, Yo — 1, Yy), respectively. It is
clear that W* depends only on player I ’s strategy
while Y* depends on player II s strategy only.

After applying some columns’ elementary opera-
tions, we get

K
Ky =

YT =W =1 =1 (=W —%
WY WUh—1 T3 (1 =¥y A
WY, W Th—1 (1-w

(1— W T -1

"
C)O

T —1v —-17 -1

W,y Wy s

UY; Y —1 T3 I

D(W, Y, L) = det 203 b
290} U3 Tr—113
WYy vy Ty Iy

)]

where: L=(,b,13,14)= ((1 — U1 -
T1), (1 = Wo)(1 —T3), (1 — W3)(1 = T12), (I —
Wa)(1 —Ta) — 1).

We will now deduce the reward for each
player given the relationship between the players
with a factor @w. We define the payoff vec-
tors for the first and second player, respectively
a1 =R +w),S+Tw, T+ Sw, P(1 + w))
and T, =R +w),7 +Sw,S+Tw, P(1 +

@Qﬂ +vPay, +k =

w)), respectively. Consequently, the anticipated pay-
out each round for each player under infinite
recurrence using the Markov chain, Pay; and Pay,,
are

Pavi — D(¥, Y, I'1)
Y= D, 1)
_ D(‘I’9 Ts r2)
Py = B x 1) (10)
where 1= (1,1,1,1)
(I —wp)d—-"71)
(I —W3)(1 —T3) ’ ™

(1 —=W)(1 —T2)
(1 =Wyl —"Ty) —1

Since each edicted payout is linear rela-

tion of hi % vector, any linear combination

between%s true as well. Thus, using the param-

eter: , B, the predicted payoffs of the two players

can beombined linearly as shown below.

DV, Y, AT + vl +«1)
D(¥, Y, 1)

(1)

If two of a matrix’s columns are the same or
if one of its columns is a multiple of the other,
then each matrix has a zero determinant value. If
player I chooses the strategy ¥* = (W) — 1, ¥, —
1, W3, Wy) = AT'1 + vl + k1, then the determinant
value will no longer exist because the second col-
umn will be the same as the fourth column. Similarly,
if Y*=(1—1,73, YTy —1,Yy) =1 +vI +
k1. Therefore,

D(W, Y, ATy + vl + «1)

AP P =
ay, + vPay, + k DOV, Y, 1)

12)

There are particular types of ZD strategies, includ-
ing Equalizer ZD strategies that let a player change
the expected reward for his opponent unilaterally. We
will now study this kind in the presence of a relation-
ship between players by setting A = 0 in (12), then
vPay; +k =0 (i.e. Pay, = — 7) and ¥* =vI'p +
k1. So

v* = I, +«1

(W, — 1, W, — 1, U5, W) = v[[; + il
U —1,¥, — 1,9;, V) = v(R( + @), 7 + So,
S+Tw, P(l+w) +«(1,1,1,1) (13)
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Then, Similar for get Pay;, we putv =0
¥ — 1 =v(R(1+@)+« (14) U* =2l +«1
U, — 1,9, — 1, V3, ¥) = AT 1
U — 1 =u(T +So) +« (15) S 2 3 Wa) 1+«
W — 1,9, — 1,93, ¥,) = M RA + @), S+ T,
s =vS+Tw)+«k (16)
T+Sw, P(1+w)) +«(1,1,1,1) (26)
Yy =v(P( + @)+« (17)
Then,
o 1= MR(1 + @) @7)
U —1=A + o))+«
W=D - ) :
v_(R_p)(H_w) Y —1=MS+Tw)+« (28)
(1 =¥PA + @) + V4R(1 + @) V3 = M7 +Sw) +« (29)
K =
(R —P)1 + ) Wy = A(P(IQ)) +ic (30)
1—-w 'Y
- O
B O
From (15) and (16) V

(W1 — DIT + Sw) — P + @)] — Wl(T + So )t R+ @)1 + (R — P)(1 + @)
Uy =
R-P)1+2) §
_ W - D(S+7Tow)—PA+o)]+ \114[72}1 oy)— (S + To)]
B (R—P)1+a /V

(20)

U3 ey

Therefore, Player II ’s payoff will be So,

« C) W - -y
==, ?/ P R-PA ) oy

[1—=¥)P+ VR = (1 =¥Y)PA 4+ @)+ V4R + @)

(W -1 (R-=P)1 + @)
[(1 = V)P + RS+ @) (1 — WP + WyR
Furthermore, player I’s strategy become
v <w (W1 — DUT + Sw) — P(1 + @)] — V4[(T + Sw) — R(1 + @)] + (R — P)(1 + @)
U (R—P)1 + o) ’
W —DI(S+Tw)—PU+@)] —VY4[(S+Tw) — R(1l + w)] )
» Wy (23)
R -P)1 + w)
Since the values of ¥; € [0, 1] where i = 1,2, 3 or
4, then the values of ¥; and W4 must be
(R —P)1 + o) (R-=P)1+ )
Yie [ma"{l T T+sm-Pl+m TR +w)—(S+Tw)}’ 1} 4)
W, e [O min { R-P)A+w)+ ¥ — DT +Sw) — P + w)]
M e (T + Sw) — R(l + w)]
R-P)1+w)— ¥ —DI(S+Tw)— P + )] }] 25)
’ [R(1 4+ @) — (S +7Tw)]



Sh. Atef el al. / Relatedness in zero-determinant strategies

Payoff with Strong Relatglgf:salgy%r()ﬁs payoff will be

Table 1

So N S S3 Sy Ss Se S7 Sg Sy S10 St S13 S14 Sis5
So 19 345 19 345 - 5 - 5 1.9 345 19 345 5 - 5
S 32 38 3.8 3.8 - - 5 - 32 42 3.8 42 5 5 5
S, 19 38 - 475 19 42 1.9 42 19 38 - 4.75 535 - 535
Ss 32 38 475 - 3.8 38 4275 38 32 4275 475 - 535 535 535
Ss - - 1.9 345 - - - 5 - -
Ss 45 - 4033 38 - - - - 45 -
Se - 45 19 4275 - - 19 42 - Q~
A d
S, 45 - 4033 38 45 - 4033 38 _45 5 5067 5.067 - 535 535
Ss 19 345 19 345 - 5 ; V ; ; ; ; - -
So 32 4033 38 4275 - . 5 \5 . 5.7 . 5.7 . - .
VAW
So 19 38 - 475 19 2780 5067 - - - - 57 - 57
Si1 32 4033 475 475 Qﬁox 5067 5067 - 5.7 . . 57 57 57
S12 - - - < U’ - - - - - - - - - -
-
Sis 45 45 5.1 5.1 . . . . . . 5.7 5.7 . . .
S - 45 . 5.1 . 45 . 5.1 . . . 5.7 . . 57
Sis 45 45 5.1 50 45 45 5.1 5.1 . . 5.7 5.7 . 57 57
From (28) and (29)
" W —DIS+To)—Pl+o)]+W[RA+ o) —( S+ Tw)]+(R—-P)1 + @) 33)
2 =
(R —-P)1 + @)
" W - DT +Sw) —P(l + )] — Wl(T + Sw) — R(1 + )] 34)
3 =

(R—-P)1+w)
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Table 2
Payoff with Weak Relatedness @ = 0.1

So S S $3 S4 Ss Se N Sg So Sio Sii Sz Siz Sia o Sis

So 1.1 3.05 1.1 3.05 - 5 - 5 1.1 3.05 1.1 3.05 - 5 - 5

S 0.8 22 22 22 - - 5 - 0.8 3.133 22 3.133 - 5 5 5
S 1.1 2.2 - 2.75 1.1 3.133 1.1 3.133 1.1 2.2 - 2.75 - 4.15 - 4.15
S3 0.8 22 2.75 - 2.2 22 2.475 2.2 0.8 2475 275 - - 415 415 415

y 4
S4 - - 1.1 3.05 - - - 5 - - 1.1(% - - - 5
V
Ss 0.5 - 1.633 2.2 - - - - 0.5 - @ 3.133 - - 5 5
N
Se - 0.5 1.1 2.475 - - 1.1 3.133 Q)< - 2.933 - - - 4.15
S7 0.5 - 1.633 22 0.5 - 1.633 2. 0.5 2933 2933 - - 4.15 4.5
PAY
Sg 1.1 3.05 1.1 3.05 - 5 -&V - - - - - - - -
o~
So 0.8 1.633 22 2.475 - - w 5 - 33 - 33 - - - -
g Vi

S 11 22 - 2.75 Qﬁ' - 2933 - - - - - 33 - 33

Si1 0.8 1.633 275 Z.O. 1.633 2933 2933 - 33 - - - 33 33 33
o~

S12 - - - - - - - - - - - - - - -

Si3 05 0.5 1.9 1.9 - - - - - - 33 33 - - - -
S14 - 0.5 - 1.9 - 0.5 - 1.9 - - - 33 - - - 33
S5 0.5 0.5 1.9 1.9 0.5 0.5 1.9 1.9 - - 33 33 - - 33 33

K _
Pay = © _ 0= ¥DP+ WRI( + @)
A (W1 — 1) — Wy

(W1 — 1) — Wy = (35)

Wy — (W =1
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Furthermore, player I’s strategy become

— P+ )] —Wl(S+Tw)

—RA+o)]+(R-P)l+w)

 _ (\pl’ W - DS+ Tw)

(W — DT + Sw)

R-P)1+ o)
- P+ @) —VY4l(T + Sw)

(R-P)1 +w)

Since the values of ¥; € [0, 1] where i = 1,2, 3 or
4, then the values of W and W4 must be

(R-=P)1 + @)
Ve [1_($+7w)—73(1+w)’ ] (37
or e o [ (W= DIS + Tw) = P + )]
¢ ’ S+Tw)—R(+w)
¥ — DT + Sw) — P(1 + )] (38)
T+ —R( + @)

We study Equalizer strategies at some numeri-
cal values of payoff vectors (Axelrod’s values) S =
0,P=1,R=3 and 7 =5 to expect payoff for
player I against player II with a relationship between
the two players on tables 1 and 2. Based on conditions
(37) and (38), not all strategies represent ZD strate-
gies Such as the strategies shown in front of them
in the following tables 1 and 2. Some strategie
are only based on these conditions for which fe c

calculate the payoff. For example, if the ¢

between player I (TFT (S;10)) with pl 11 D
(So)) with ”Strong Relatedness @ @bﬁ n pay-
off of Player I (TFT (S0)) is 1 utWwith ”"Weak
Relatedness @ = 0.1", the p f Player I (TFT
(S10)) is 1.1.

3. Three-player game with ZD-strategies

In this section, the focus is on determining the
payoff of players when using ZD strategies for three
players. We also consider the symmetric Iterated Pris-
oner’s Dilemma but for three-player (3P-IPD), where
each player chooses a decision from the two actions
C and D. So, the payoff matrix for (3P-IPD) [29] is
given by

CC CD DD
R K S (39)
T L P
where
S<P<K<L<R<T. (40)

—R(+ zU)]’ %) (36)

Therefore, the payoff matrix of the three-player
Prisoner’s Dilemma with relatedness [29] will be
given by

cc CD DD

ol Ra+w %S%—’Z&v
M@ fise P
41)

wher;QQ the parameter of the relatedness and

pending on the choice of the three players we
have eight rounds which may be reduced to
nly six rounds. Each round leads to one of the
six possible outcomes (R, R, R) for (C, (C, C)),
K, K, T) for (C, (C, D)), (S, L, L) for (C, (D, D)),
(7, K, K) for (D, (C, C)), (L, S, L) for (D, (C, D))
or (P,P,P) for (D, (D, D)) [18]. We postulate
that each player employs the memory-one strat-
egy, where each player observes one of the six
possible outcomes in one round, and responds
accordingly in the following round. We represent
strategy of player I by the probabilities ¥ = (W1,
Wy, W3, Wy, Ws, W), the strategy of player 11
by a vector Y = (Y, Y3, Y3, Y4, Y5, Tg) and
the strategy of player II by a vector =
(21, 2, Q3, Q4, QLs, Q). Where Markov transition
matrix for three players (u3) [29] is given by

VIR EIN!
\ZR eI
W3 Y505
K3 VT2
W5 Y3825
W6 6826

W[V = Q)+ (1= T)]
W[ Yo(1 — €24) + (1 — 12)S24]
W3[Ys5(1 — Qs) + (1 — T5)Qs5]
Wy [T2(1 — Q2) + (1 — Y2)R0]
Ws[Y3(1 — Q5) + (1 — Y3)Q2s]
W[ Ye(1 — Q6) + (1 — Y6)2]

Wil =) — 1)
W (1 = To)(1 — Q4)
W3(1 = Ts5)(1 — Qs)
Wyl = T2)(1 = 22)
Ws(1 — T3)(1 — Qs)
We(1 — Ye)(1 — Q)

(I =WT
(Gl 290 ¢1971
(I —W3)Ys5Qs5
(I = Wy) 122
(I —Ws5)T3Qs5
(1 — W6) Y626
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(I =wPI (1 = Q)+ (1= 711)2]
(1 = U)o (1 — Q4) + (1 — Y2)Q4]
(1 = W3)[Ys5(1 — Rs) + (1 — T5)2s]
(1 = W)[2(1 = Q22) + (1 — 12)R0]
(1 = Ws)[Y3(1 — Qs) + (1 — T3)2s]
(I = We)[Ye(1 — Q26) + (1 — Ye)26]

1 =w)d -1 - Q)
(1= W) =) — Q)
(1 = W3)(1 = Ts5)(1 — Qs)

Let the transposes of the second and
fifth  columns be denoted by A%’3 =
(W1 —1,W; — 1, W3 — 1, Yy, W5, We) and

A%,;;:(Tl"‘Ql -2, T+ Q4—1,7s+

Qs5,Tr + Q2 — 2,13+ Q5 — 1, Y + Qg), respec-
tively. It is clear that Af’:’ is rely only on player I ’s
strategy while A%,f, is rely only on player II and III
’s strategies.

After applying some columns’ elementary opera-

42 .
(1= dy)(d — 1)1 — Qo) “42) tions, we get
(1= Ws)(1 —T3)(1 — Qs)
(1 = We)(1 = Y6)(1 — Q)
TR —1 W[ (1 =€) + (1 =) v -1
2R EIN W [Yo(1 — Q4) + (1 = T2) vy —1
ok _ W3 Y505 W[ Ys5(1 — Q25) + (1 — Vs —1
#3 Wi Wy[Ta(1 — @) + (1 v,
W5 305 Ws[Y3(1 — 25) + (| Vs
W6 Y6826 We[Ye(1 — QQ We
(I —W)T€ T+ Q-2 =) =T — Q)
(1= ¥2)TrQy Yo+ Q4 —1 [ — Wo)(1 —T2)(1 —Q4)
(1 —¥3)Ys585 Ts + (T = w3)(1 = Ts5)(1 — Rs5) (46)
A=Y —1 Yo +023 (1 = Wy)(1 = To)(1 — Q)
(1 = Ws5)T385 T = (I = Ws)(1 = T3)(1 — s5)
(1 — W) Y62 (1 = We)(1 — Te)(1 — ) — 1
We assume the vec.toru = (uy,up, u3, uq, s, u DOV, Y, @, L) = det
to represent the left eigenvector of the ma#fi r
the eigenvalue 1. This vector represe Stant e =l Wil = 20+ (1 - T1)] Wi -1
1e ergen . p W20 U - Q)+ (1Tl -1 W —1
distribution of outcomes when the epeated U3 Y505 Ws[T5(1 — Q5) + (1 — Y5)Qs] Wy — 1
infinitely where Uy Q) Wi a(1 = 22) + (1 — T2)&0] vy
W5 Y305 Ws[Y3(1 — €25) + (1 — Y3)2s] s
u U3 = u = ) — O (43) \I,I(,’Y‘(,Q6 We[Ye(1 — 26) + (1 — Y6)S2] W
LetM§=M3—1,theC) (1 —-¥)Y 12 Ti+Q1 -2 L
(1 — W)Yy Tr+ Q4 —1 153
) — (I —W3)Y5Q5 Ts + Qs I3
ulus =0 =0 AU -1 Totom-2 1 |+ @D
u M; =0 (44) (I — Ws)Y3Q5 T3+Qs5—1 s
(1 — W) Y62 Yo + Q6 le
3 is singular and represent as
W -1 W[ (1 =)+ (1 = 11)] Wi (1 =" - Q)
W)Yo Q24 W[Vl — 24) + (1 = 12)R24] — 1 W (1 = 12)(1 — 4)
= V3505 W3[Ys(1 — Q2s) + (1 — T5)2s] Wi(l = Ts)(1 —Q5) -1
3 L 7R ¢19)) Wy 1o (1 — Q) + (1 — 12)R2] Wy (1 = T2)(1 — 22)
W5 T3Qs5 Us[T3(1 — Qs5) + (1 = 13)Qs5] Ws(1 — T3)(1 — Qs)
W6 Y6826 W[ Ye6(1 — R26) + (1 — Y6)26] We(1 — Te)(1 — Q6)
(1 =¥ A =¥l -2+ 1 =T (=¥ -1 - )
(1 — W)Yo 2y (I = W)[V2(1 — Q4) + (1 — 12)824] (I = Wp)(1 = To)(1 — Q4)
(1 = W3)Y5Qs5 (1 = W3)[Ts(1 — Qs) + (1 — T5)2s] (1 = w3)(1 = Ts5)(1 — 2s) (45)
(1 =W — 1 (1 = W[l = 22) + (1 = 12)R] (1= w1 = T2)(1 — Q)
(1 — Ws5)T3Qs (1= Ws)[V3(1 — Qs) + (1 —T3)Rs] -1 (1 = Wws)(1 —T3)(1 — Qs)

(I = W6) Y682 (I = We)[Ys(1 — 26) + (1 — T6)<2]

(I = W) = Te)(1 — Q6) — 1
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where: L=, 114,15l =(1—-Y)1 - or if one of its columns is a multiple
T —21), (1 — W)l — o) —Q4), (1 — of the other. If player 1 chooses strategy

W3)(1 = Ts5)(1 = Q2s), (1 = Wag)(1 = T2)(A —
Q2), (1 = Ws)(1 = T3)(1 — Rs), (1 — We)(1 —
Te)(1 — Q) — D).

We will now deduce the reward for each
player given the relationship between the play-
ers with a factor @w. We denoted the payoff
vectors corresponding to player I and player

I by i (R(l 1, 20 +z§)+7w’
2701
S+ Tw 220 +Z’)+Kw,c+3w,7>(1+w)).

Consequently, the anticipated payout of each round
for each player under infinite recurrence using the
Markov chain, Pay;, Pay, and Pays, are

D(, T9 SZ, '

P =
Y= D, T, @, 1)
D(‘I’, T9ﬂsr2)
Pay, = ——— =2,
D(V¥, Y, 2,1)
DV, Y, 2, T
Pay3 _ ( s Ly 034, 3) (48)

DV, Y, R,1)°

Q?yz

&

2Kl 4+ o)+ Tow

=W —1,W — 1, W3 — 1, Wy, U5, W) =
ATy +nl'2 + &3 +«1, then the determinant
value will no longer exist because the third
and sixth columns will be identical. Similarly,
if 23—(T1+§21—2T2+Q4—1T5+
Q5,T2+Qz—2 T3+ Qs —1,Tg+ Q) =
ATy 4+ nI'y + £T'3 + «1. Therefore,

APay) + nPayy + EPay; + k =
DY, Y, 2, AT +nl'2 + &3 4+ «1)
DV, Y, 2,1)

= (50)

There are particular s of ZD strategies, includ-
ing Equalizer ZI) tegies that let a player

Z
change his oppo xpected payoff unilater-
ally. We w1ll wdly this kind in the presence

of a relati etween players by setting A =
0 and (44), then nPay; + EPays + k =
n(PaQ 3)+k=0 (ie. Pay:+ Pays =~ =Ky

(T2 +T3) +«1. So

Ai’3 =nl2 +nl'3 +«1
1, W3 — 1, Wy, Vs, Wg) = nl'y + nI3 + «1
1, W3 — 1, Wy, W5, Wg) = n[(R(1 + @),

2K(1 T
L4 Sw Kl+o)+Tw

X

27T+ o)+ Ko

b

2 2
S+ 7w, P(1l+w) + (R + @),
2K+ o)+ To

O

where1=(1,1,1,1,1,1)

Since each player’s predicted payout depends lin-
early on his payoff vector, this is true for any linear
combination of payoffs as well. Thus, using the
parameters (X, n, &, ), the predicted payoffs of the
three players can be combined linearly as shown
below.

APay; + nPay; + §Pay3 + k =
D(¥, Y, 2, AT +nIy + &T'3 + «1)
DV, T, 2, 1)

(49)

Since each matrix has a zero determi-
nant value if there are two identical columns

, L+ Sw,

b

2 2
L+8Sw,PA+o)] + (1, 1,1,1,1,1) (51)
Then,

¥ —1=2nR(1 +@)) +« (52)

by 1 =g K0 zzv) tTw

27(1 + @) + Koo

+ )+ K
2

= g(T+]C)(3ZD'+2)+K (53)
Wy — 1 = 29(L + Sw) + (54)
Uy =K1 +@)+To)+k (55
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Ai’s =AI'1 +«1
(W1 =1, — 1, W3 — 1, ¥y, W5, W) = AT +«1
(W — 1, ¥y — 1, W3 — 1, Wy, U5, W) = A (R(1 + o),

2K +?)+Tw,8+Tw, 27(1+Z§)+]Cw’
L+Sw, P+ )+ «(1,1,1,1,1,1) (65)
Then,
Vs =nS+Tw+L+Sw)+«
=L+ S@+1)+Tw)+« (56) Vi —1=AMRA 4 @) +x (66)
Ve = 2n(P(1 + @)) +« (57) W — 1= A( )tk (67)
So, vy —1 (68)
n=2(7‘§1 —7)1)1—% . Q; . )k (69)
(R =Pl +@) Q\IJ5 — ML+ So) +« (70)
_ (1= 9P + @) + YR + ) B
K= R—PT o) Q Y = M(P(1 + o)) + « (71)
(I =Y)P + YR 5 @
B (R-=P) & So,
From (53) to (56) @< ’
v, = W1 = DIPA + @) g:)@w +2)] — W6[P(1 + @) + (T + K)3w +2) — R(1 + @)] ©0)
2T Q (R—P)1 + o)
Uy = (V1 — DIL jpé I+ )] —-Y[L+So—-—R(1+ )]+ (R —-P)l +w) ©1)
U (R —P)1 + o)
v, — W1 = DRKA + @) + Ty — 2P(1 + @)] — W6[2K(1 + @) + T — 2R(1 + @)] €2
tT (R—P)1 + o)
We — W - DIL+SU+2)+To - 2P+ )] - Y[L+ S + @)+ Tow — 2R(1 + @)] 63)
> R —P)1 + o)
Therefore, Player II ’s payoff will be
Pay, + Pay; = — %
_ 0= 9P+ WRI( + @) A= ;In—# (72)
. = D= % E1 _\1?))(7);; v )+ VR + @)
- +w)+ Wy +w
= WP + WgRI(1 + @) K = !
=2 T (64) (R —P)1 +w)

Similar for get Pay;, weputn =& =0 (R—"P)
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From (67) to (70)
v, = W1- DR2IK=P)1 + @) +Tw] — V[2(K — R)(1 + @)+ Tw]+ (R - P)1 + o) 74)
2T 2R —P)1 + o)
D — P1—-DIS+To-Pl+o)]—plS+Tow—RA+ )]+ (R-P)1 +w) (75)
P (R =P)1 +w)
Wy — W - D2AT -P)1+ o)+ Kol — V[2(T —R)1 + ») + K] 76)
T 2R -P)1 + o)
W = DL+ S —P(l+ o) —VY[L + Sm —R(1 + w)]
Vs = 7
(R=P)1 + w)
So, player I ’s payoff will be
Pay, = — K Conflicts of intere,
A
(1 —¥YDPA + @) + YR + @) Regarding thg @ ng of this paper, the authors
- (W) — 1) — Ug state that adyg/no conflicts of interest.
_ [ =¥)P+ VRI(1 + @)
(W =1 — W Referéyces
A=Y )P + YeRI(1 + @) 73
- g — (W] — 1) (78) A.A. Szolnoki and M. Perc, Evolution of extortion in struc-

By the same manner in section 2 for two playgrs,
we can conclude the conditions for W and @¢ fi
three players game. Moreover, we can pegfOr; -
petition between players and infer th ifi the
presence of a relationship between

O

In the presence of a reTationship between play-
ers, we discussed recurrent tactics and calculated
the equivalent payoff between them. Due to the
Prisoner’s Game’s significance in game theory, we
concentrated on researching it and spoke about two
and three players Iterated Prisoner’s Dilemma games.
Direct reciprocity is also a technique for maintain-
ing mutual cooperation in games of recurring social
dilemmas, where a player would maintain coop-
eration to avoid facing future retaliation from a
co-player. known as a zero-determinant. The find-
ings are as follows: First, we present the forms of
solutions that extend the known results for infinitely
repeated games with a relatedness factor . Second,
for the most prominent ZD strategies, the Equalizer
strategies, we have analytically derived the limits of
single-move equivalent ZD strategies.
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